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Kochin [1] solved the plane linear problem of waves on the free surface
of a heavy liquid of infinite depth, caused by vibrations of a body
immersed in the liquid. Khaskind [2] used Kochin’s method (1] to study
a similar problem for a liquid of finite depth. In [3] Kochin’s method
was used for study of the case when there is another layer of lighter
liquid of finite depth with a free surface, overlying the surface of a
liquid of infinite depth in which the body is oscillating. Below we con-
sider the analogous problem for oscillations of a body in the upper
layer of liquid.

1. Formulation of the problem. Let the contour of the body I of arbi-
trary shape perform periodic oscillations in a layer of homogeneous in-
compressible liquid of demsity p; and finite thickness d, which lies on
another liquid of density p,(p, ~ p;) and in-
finite depth (Fig. 1). To the usual assump-
tions of the linear theory of waves we add
the requirement that the waves diverge hori-
zontally from the body on both sides. By
virtue of the linearity of the problem we con-
sider only harmonic oscillations of the con-
tour [ with the specified frequency k

Fig. 1. v (5, )= uy () cos kt’ + wy (s) sin k' (1.1)

where vn’ is the normal component of the velocity of an arbitrary point
of the contour [, which corresponds to the arc length s’, measured from
a certain fixed point O1 on [. Then assuming that the oscillations of

the liquid are steady and potential, we have the complex velocity
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potential in the form (z' = x’' + iy')

Wi (2, V') = wy (') cos ke’ + wy,'(z")sin kt/ (1.2)

Here and in what follows j = 1 and ; = 2 for the upper and lower
liquid, respectively.

Transforming to dimensionless quantities according to the formulas

' P , P2 k*d
z' = zd, t = %! im = w]-mkdz, E == Do, z

g

=V ('1.3/
we obtain the following problem for the functions ij(z) = dwjm(z)/dz.

To find the functions Flm(z) and F2m(z). analytic in the respective
regions G1 and 62 (G1 is the region in the strip — 1 < Im z < 0 outside
the contour [, G2 is the half-plane Im z < — 1) and satisfying the con-
ditions:

dov. -
a) Im[ Z:m + ivvlm} =0 wheny=0
b) Im [v,,, — v,,] =0 wheny = — 1
d?jlm L dg?m e
¢) Im 5 + ive, | — Re = + wvzm\} =0 when y=—1

d) The functions ij(z) are bounded in Gj and Fzm(z) - 0 when
y -~ -

e¢) The waves on the free boundary and on the interface diverge on
both sides from the body profile I.

£) Relo¢®1=u,(9 onT

Here © is the angle between the exterior normal m to the contour I
and the x-axis.

On the basis of (1.2) and (1.3) we have for the complex velocities
of the liquids

;(2, 1) = dWldz = v, (2) €08 t + 25, (2) sin ¢ (1.4)
We find the free boundary and the interface according to the formulas

8y (z, ) = — Im [y (2) cOs t — v, (2) sin t] ;
8 (2, £) = — Im vy, (2) COS t — vgy (2) sin ], (.5

2. Construction of the solution. 1. Let us represent the required
functions Ejm(z) in the form

Ui (2) = 4y, (2) F Fipy (2) 2.1)



Oscillations of a body above the interface 1391

where Qjm(z) are functions, analytic in their regions G and satisfying
conditions (a) to (d), whilst the functioms F; (z) and F, (z) are
analytic respectively in the regions Gl' and 62 (Gl' is the strip - 1 <
Im z < 0) and also satisfy conditions (a) to (d). Conditions (e) and (f)
are to be satisfied, not by the functions Qjm(z) and ij(z) separately,
but by their sums Hjm(z) from equation (2.1).

2. Let us find the functions mjm(z) with the following properties,

The functions @y ,(2z) are analytic in the region Gl' everywhere except at
T

the point { = § + in, where they have a polar singularity with the resi-
due N, =N '+ iN ", The functions ®y,(2) are analytic in G,. The func-
tions @, (z) and w,,(z) satisfy conditions (a) to (d).

Let us isclate the singularity at the point {, setting

N 4 Nm_ 2.2)
z—{ z— ¢

‘m]_m (z) = Tlm (z) + e, (Z), am (z) =

Then the functions Ty{%) and w0, ,.(2) are analytic in the regions Gl'
and 62 respectively, whilst their real parts ujm(x, y) satisfy conditions

9 J 7
i;;"‘ — Vi = fim(2) wheny=0, i;;"‘ —_ [;gym = fym (z) Wheny=—1
an. op. (2.3)
( a;;“ — "le) - Po( a;m - vp,m) = fyn(*) wheny—=—1

and the functions Hin and Wy, are bounded in their regions Gl' and 62
respectively, and My, = 0 when y = ~ » (condition (d)).

Here

fym (2) = Im %m

de
when y = — 1, fim (@)=Im [ u_d_:‘_ + ivem}

when y = 0 for I =1, when y = — 1 for [ = 3.

Representing the functions flm(x) by Pourier integrals, seeking the

functions T;,(2) and @Wy,(z) in the form of Fourier integrals, and making
use of condition (2.3), we obtain

N, N

N ¢ o
O (2) = r§+;~%+ ix [2iN,, Asin A (z — ) + N, Be™ -0 .
0

o<
4 N, 0 0140, o, (5) = sg [N, De* 0 L § ErreD1g, (2.4
13

Here
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_r(AEv) o A r(A— V) [2v - (A + v) e P
=m0 P —wT® @)
rb—v) 2v 2v (A +v)

E =

C=—7Tm ¢ DP=r@m’ =T M

TM=2v4r[A4+veP—~ A4 V], r=p—1

For any v > 0 equation T(A) = 0 has one root A = Ay > 0. Consequently
for the integrals in expressions (2.4) it is appropriate to take their
principal values in the Cauchy sense.

3. Let us distribute along the contour I polar singularities with
residues of Nm = Ynp(0)do/2w, where ¢ is the arc length of the contour I
corresponding to the point [(0) of this contour.

Then, integrating expressions (2.4) along the contour I, we obtain
the functions

1 1

Qm (2) = %\ T (6) {, — [2idsinh (z— §) + B 4
T

(2.6)

+ i

!

z —

Oe/?s

[e ]
+ cet* (l-E)] d?»} ds, Qo (z) = Zl_:rli S T (0) {g [De'n (z-%) 4 Ee— (z-f)] dl} ds
T 0
which, by virtue of the linearity of the problem, are analytic in the
regions G1 and 62, respectively, and satisfy conditions (a) to (d).

4. Starting from the form of a particular solution of Laplace’s equa-
tion and from conditions (a) to (d), we find the following functions,
analytic in the regions G,’ and G,:

F]m (Z) :Ame—iloz _1_ Bme—‘iVZ + Cme’ilnl’ Fzm (Z) :Dme-—i)\ol + Eme—ivz (2.7)

where A , ..., E_ are certain constants. Then, from (2.1) we obtain
[oo]
= Ao imr 4 — =4 i\ Ziasinrc— 0+ B D4
”1m(z)=2nQTm°’ :—8 " ;T t 1 g "
T 0
+ et (z»i)] dk} ds 4 Ame‘““ 4 B,, ey Cpn itz (2.8)

i

oo
Vg (2) = ﬁg T (0) {g [De™™ (5-8) t_ pemir (-0 dk}dc+ D, "ML E, e
T 0

From the linearity of the problem it follows that the functions



Oscillations of a body above the interface 1393

ij(z) from (2.8) are analytic in G. and satisfy conditions (a) to (d).
The functions Yn(9) and the constants Am, . Em we shall find from
conditions (e) and (f).

3. Determination of the coefficients Ag oo E,. We shall make use
of condition (e) for finding the quantities Am, -++, E_ . In expressions
(2.8) let us pass from integrals in the sense of the principal value to
integrals along the contours L_, L,, L_" and L,’ in the plane of the

complex varjable A (Figs. 2 and 3).

/’;L L /’; i L:'
0 W ‘4¥’ ) 0 . 2
y A, y Ll
Fig. 2. Fig. 3.
Then, writing
i S Tm (0) e ds = H,, (A) (3.1)
I

we obtain

” 1 { 1 i o o R
b @ = \1m @ {5 ;074 —=| 4 a7 [ | (404 ce? eDyan—
1m §m bn[z 4 z—g] m;Lil
— S A0 4 S Re-ir (-8 dk]} ds+ R, (2) 3.2)
L:t' E:t
Ryy™ (2) = Ay F i [AoHp (— M) + Bl (o ly ™%

4+ {Cp F i [AeH , (o) — CoHp (— M)y €M -+ (B,,, FiB H, (W ™*  (3.3)
rotY) g rod W g
2y T I WT O ¢ @5

v r(ho—w) 22, ’ ar
iy er =gy ¢ T (0 = (G oo

Ao: Bg:

B
Here the upper sign is taken when x < 0, and the lower sign when
x > 0.
It is easy to verify that in formulas (3.2)

¥y () =R, T () when|z|— oo

According to formulas (1.4) we obtain asymptotic values for the total
velocity
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1394
v,(z, ) =R1¥ (z) cost 4 Ra™ (z)sint when # — F oo
Consequently, condition (1.5) for the upper liquid can be represented
in the form
vy (3, ) = AT L BT 0 M2 ghenz— Foo (3.5)
From this condition we obtain
Al = A H, (— A,o) + ByH, (A'O)v Ay =— AH, (— 7\'0)—‘ BoH, (7\10)
By=B,H, (), By=—B,H,(v), (3.6
Cl = A0H2 (A'o) + Con (— 7\-0), Cy= AOHI (xo) - COH]. (— A'0)
A_ = — iAohy (— Ao) — iBohg (o), Ay = idgha (— Ao} 4 iBohy (Ao)-
B_= —iBhs(v), B,= iB} (V), 3.7
C.=— iAghs (Ao} + iCohy (— Ao), Cr=idhy (}‘o) — iCoha (— M)
Here
(3.8}

ky (M) = Hy (M) & iHy (M), hg(M) = Hy (M) — iHy (A)

For the lower liquid we find in a completely analogous manner that

(3.9

Dy = DoH, (— A'o) — EoH,y (hy)
D_ = iDghy (— M) — iEghy (hg)  (3.10)

;2 (Z, t) zD:Fe—i)tqZ:Fil + E$e—iVZ:F’it when « — :F 00

D1 = _‘Don (—‘ 7\'0) + Eon (7"0)

Ey=BH, (v), Ey= — B,H(v),

D, = —iDghy (—hg) +iEohy (ho), E_-=— iBJg(v), E,= iBJi (V)

Here
v v+ v)
Dy = T oy Ey= o — V) T (o) 3.11)
We shall now explain the meaning of the functions Hm(h) from (3.1).

We can prove the equality

gzlmm e gr = g g T (0) e P do

T, r

or
H,, (\) = R?;m (2) e P24z (3.12) /l.\

ry

where [ is any closed contour in the
upper liquid including inside itself
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the contour I (Fig. 4).

Por this it is sufficient to substitute the values of the functions
Elm(z) from (2.8) and make use of the known properties of analytic func-
tions and equation (3.1). Consequently, the functions Hm(h) are general-
ised circulations for certain fictitious fluid flows with the complex
potentials wjm(z}, i.e. they are the functions of Kochin [1].

4. Determination of the functions ym(c). 1. We find the functions
Yn(0) With the help of condition (f). For definiteness, we choose the
origin of coordinates 0 so that Re z > 0 for points z on the contour
(Figs. 1 and 4). Then, using (3.2), (3.3), (3.6) and (3.7), we obtain

= L3 1 i -0 | i (2T
b =\ 1m@ (g [ + 5] 4 5| | e e p ey
# =LV, T 15
- S AeMD gy, 4 S Be (=0 dx]} 40+ A, et 4 B, te-ivz 4 ¢, retr D)
L2 L
Here

A/ =4y, B/=B, C'=C, A4/ =id), B'=iB’, C'=—iC/ (4.2)

Let the contour [ be simple and have continuous curvature. Substitut-
ing the functions Flm(z) from (4.1) in condition (f) and using the pro-
perties of integrals of Cauchy type, we obtain the integral equations

where the arc length s corresponds to the point z on the contour [ and

g 1 , . . =
Ky, = S K(s,0) Yy (0)do, K (s,0)= —Re {xe“’{ S (Ae™ 0 gt -0y gy,

r Ly
. - eiﬂ eie
— K ANy, 4 S Be ‘2*1’->dx] +—5t ——«} (4.4)
L I i z—3
Fou (8) = 21y (s — 2Re [ (4,,7e™ % L B e 4 ¢, 7 )] (4.5)

It is evident that we obtain linear integral equations of Fredholm
type with a continuous kernel.

If the contour [ oscillates but does not deform, then
%um(s)dsz(), SK(S, 5)ds =1
T r

Then, integrating both parts of equation (4.3) with respect to
s & [0, b], where b is the length of the contour I, we obtain
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g‘rm (s)ds= 0 (4.6)
r

On the basis of (4.6), equations (4.3) are equivalent to equations
Tm (8) = — Kol % [0 (8) (Ko=K—1/b) (4.7

The solutions of these equations can be sought by the method of
successive approximations
[ve]
Tm (s) = Z (— 1)kqu (s), Imx (s} = Kqu, k-1> Imp (s) = fm () (4.8)
k=0
With the help of the principle of compressive transformations [4] we
establish the condition for convergence of the process (4.8) to a unique
solution. We shall seek the solution of equation (4.7) in the class /f of
functions, bounded when s & [0, b]. It is easy to prove that if ymiE .
then also Fy, €& M, where Fy = - K,y + f (s). Moreover, if y | € M
and y,, & M, then

lFTml— F‘rmz I< l{ Tml - Tmz "M S | KO (S, 0') Idc ( ” Tm ”M = sup | ?m (8) I when SIE [Or b])
r

This means that if

V1K 0 jas < p<t (4.9
T

then the operator F is an operator of approximation.

Accordingly, for contours [ satisfying condition (4.9) there exist
solutions, and moreover unique solutions, of equations (4.7), and hence
also of equations (4.3). From (4.4) we have

§“K0(s, o) ldo<—i—§’Re(i—w§>—%‘da—}—fn—{sups,u

g (A6t &0 4
Ly

o of L — 1 4.10
- Cet TV gp — & Aem R gy - RBe_“‘(z"Udll +—2;} s oelo,py MV

L.’ L_

where a is the least distance from the x-axis to points on the contour
. If the contour I is a circle, then
i8
Re - ¢
z—§
Accordingly, from the inequality (4.10) we see that condition (4.9)
is automatically fulfilled for contours [ for which the length b is

— T 9
b
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sufficiently small in comparison with unity and which have a shape suffi-
ciently close to a circle with radius b/2w.

r

2. Let us find the constants Am', Bm and Cm', appearing in expres-

sion (4.5) for the functions fm(s) and appearing, consequently, in solu-
tion (4.8). Let us represent the functions Yg(s) in the form

Tm (S) = Tmo (S) + Re [T (sﬂ A’0) Am’ + T (S, V) Byn, + T (S, - 7\'0) lel (4'11)
where the functions ymo(s) and y(s, A) are solutions of equations
Tr® () = — K1 + 20 (8), 1 (s, M) = — Ky — 267 (4.12)

and A takes the values AG, v and —AO. Rvidently, the solutions of equa-
tions (4.12) exist also under condition (4.9). - Substituting Yals) from
(4.11) in formulas (3.8), we obtain

By (M) = HP W)+ iHL )+ RO A) AL +h (A WEY + HO, — M) Gy (413
hy (A) = Hy® (M) — iH® W) + H (A, A Ay + H (A v) By + h (A, — ) Ty

Here

H,°(\) =i S 1" (@) e ™ de,  h(A, A) = i& T(0, A) e do
I Iy
H(hA) = i&x (0, Ay e~ gg (4.14)
T

whilst A takes the values AO, v and —Ao. Substituting hl(A) and hz(R)
from (4.13) in formulas (3.7) and taking account of (4.2), we find that
A =A,/A, BY=Ag/A, C'=A./A (4.15)
where
A 4 = Py (baeyg — bycy) + pa (bgey — bycg) + pg (byey — bycy)
Ap = py{ages — agey) + pglages — ase)) + py (301 — a;0,)
Ac=pm (aghs ~— azbg) + pa (aghy — asbs) + ps (a1bs — ashy)
A = ay (baeg — byey) + agy (bgey — bics) + ag (byes — byey)

(4.16)

2y == i [AgH (— Ao, A) 4- Boh (Ao, Ag)] — 1, ag = i [DoH (— Ay, hg) — Agh(hg, Ag)]
ay = iBh(v, Ao}, by =1i[AH (— ko, ¥} + Boh (Ag, V)], b= iB (v, V) —1
by = i [DoH (— Ag, ¥) — Agh (A, V)], 6= i [Agh (— Ay, — ’vo) + BoH (A, —1y)]
¢ = iBH (v, — Ag), eg =i [Doh (— ko, —ho) — AoH (hgy — Ap)] —1  (417)
P1 = — i [Aghs + Boh (M) ]+ pg = — B (v), P =i [Agh (V) — Dyh,}

Here

hy = H;° (— ko) — iHg® (— M)y B(A) = H,° (M) + iH,° (W)
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and A takes the values Ao and v,

5. Derivation of the fundamental formulas of the problem. 1. Compar-
ing equations (3.5) and (3.9) with equations (1.4), we can find the
asymptotic values of the functions Ejm(z) when x ~ ¥ ©, Bubstituting
the latter in formulas (1,5), we obtain the asymptotic expressions for
the wave profiles of the free boundary and the interface, respectively

8z, d = Im (F i [(Ay — Cp ™ T4 BTy (3 Foo) 5.1
8y (z, 1) =Im (T i [ 2D ATl 4 (g bl {z— Foo)

Accordingly, on the free boundary and on the interface far from the
contour of the body I there diverge on both sides of it waves of two
forms with wave lengths 2w/A, and 2w/v and with amplitudes o ¥ and pji
respectively, where

Gr=|4z—Cyl  Biz=IB:l, G =Dy le™ Bz =I[Eg|e” (5.2)

Equating amplitudes, we obtain relations

oy == re ooy, Bor = 7By (5.3)

Hence it follows that the waves with length 2w/h0 develop, basically,
on the interface, whilst the waves with length 2w/v develop on the free
surface,

9. The mean values <M>, <X>, <Y> gver a period of oscillation for
the principal moment ¥ and for the projections X and Y of the resultant
vector of the forces of the liquid pressure on the contour of the body
[" will be sought according to Kochin’s formulas (1]

1 - -
YD)+ iX)=— 'Z‘\ o (P + [op(2) P2 dz
g (5.4)
1 o _
{M> = — T Re (\ oy DR+ o (1B zdz)

o

where [’ is any contour lying in the region Gy and enclosing the con-
tour I,

Let us transform formulas (5.5). To do this, let us introduce in
region G, contours ') and ['p, s shown in Fig. 4. Then for the functions
?1m(z), analytic and single-values in the region G, we find from
Cauchy’s formula

V1 () = Uy (2) + Vo (2) (5.5)
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where the point z lies on the contour I’ and

1 ¢ 2 (DG 1 ¢ (D dt
Um(Z)-:mSl—z:g"' Vm(z}=—'§;;;§‘“l";“:f- (5.6

i o8}

It is obviocus that the functxons U o{%) are analytic outside the con-
tour r and are of order z~! when z — m whilst the functions V a{2) are
analytic everywhere inside the contour r Moreover, r can be drawn
arbitrarily close to the contour of the body ', whilst rm can be drawn
arbitrarily close to the straight lines y = 0 and y = — 1.

Making use of the properties of analytic functions, we obtain

{ -
Yo+ iddd=— v x [1’11 (2)V1(2) w5 (2) ValD)] dz
I‘v
(MY = {S [211 (2) V4 (2) + 212 (2) V3 (2)] zdz} 5.7
#

On the basis of equations (5.5) and (5.6) and the properties of the
functions Um(z) we can reckon that along the contour Fl there are dis-
tributed polar singularities with densities Flm(g). Then, setting Nm =
51m<g) d§/2wi in equations (2.4), integrating both parts of them along
rl and making use of formulas (3.12) and (5.6), in place of formulas
(2.6) for the functions le(z) we can obtain another representation

() = Uy () — S{(BM)H W e 4

2
+ CH, (—a) ¢**]dr + %{S AlH, M e —H, (— 3) e an 5.8)
4]

Comparing expressions v, (z) = le(z) + F,.(2) and (5.5), we obtain

1 ¢ . .
Vin (8) = g7 | 44 [y (00 €™ — Hpp(— )&% — (B + DR e 4
0
CH

+ '—‘T——)'ei}\zl) dl+Am€~i)‘°z+ Bme~'ivz+cme‘i7»,z (5.9)

Substituting Vm(z) from (5.9) in formulas (5.7), we find that

XD = Im {4yt -+ Body (Ag) -+ Bty (V) -+ Cotty (— o)} (5.10)

o0

1
¥ = 4—3-8 [(B 4 1) ky (A) + Cky (— W] dh + A, Re [o] (5.11)
0
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1 1 ¢ dk, (A
> = —gim {5 [ B2 4 sink @+ okn]a+
0

+ Ag [0ty (Ag) ~— a2 (— Ag)] + Botts (o) + B,z (v) + Cog (— )} (5.12)

where
By =|H WP+ | H (WP k(W)= Hy (W) Hy (— N+ Hy (M) Hy(— M)
ky (M) = Hy (M) Hy (A + Hy A Hy (M), oo = Hi(— hg) Hy (M) — H (Ag) Hy (— ko)
a, (M) = ET(X')'Hg (A), 0y (A) = Hy (— A) Hy (A\)— Hy(— A H (M) (5.13)
g () = Hy (M) Hy (A) — H, (M) Hy' (M)

3. In the fundamental formulas of the problem (5.3), (5.10), (5.11)
and (5.12) there appear Kochin’s functions Hm(A), which can be found in
the following way: solving equations (4.12) and substituting the result-
ing functions ymo(s) and y(s, A) in formulas (4.14), we determine from
them the functions Hmo(h), R(A, Ay and HQA, MN); substituting the latter
in formulas (4.17) and using formulas (4.16), we obtain from formulas
(4.15) and (4.2) the coefficients A, ', B, ' and C_'. Finally, determining
the functions Yna{s) from (4.11) and substituting them in formulas (3.1),
we find the functioms H (A).

But for sufficiently great depth of submersion of the body the func-
tions Hm(h) can be found approximately by substituting in formulas (3.12)
in place of Flm(z) the corresponding functions Emm(z) for oscillations
of a body in infinite liquid.

In conclusion we note that when p, = p, we obtain Kochin’s case [1];
setting everywhere in our formulas r = 0, we arrive at the corresponding
formulas of Kochin fl}. If now we set py, = ®(r o), then we arrive at
the formulas of Khaskind [2].
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